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A simple approach to describe the long-wavelength dispersion of the longitudinal (plasmon) mode of the
classical one-component-plasma (OCP), with the main objective to correctly capture the onset of negative
dispersion, is proposed. The approach is applicable to both three-dimensional and two-dimensional OCP. The
predicted onset of negative dispersion compares well with the available results from numerical simulations
and more sophisticated theoretical models.
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The one-component-plasma (OCP) represents an ide-
alized physical system of identical point-like charges im-
mersed in a uniform neutralizing background of opposite
charge.1–3 This system has wide applications in the con-
text of plasma physics and is of considerable interest from
the fundamental point of view as an example of classical
many-particle systems with extremely soft interactions.
In three dimensions (3D) the charges are interacting
with each other via the unscreened Coulomb potential
V (r) = e2/r and the OCP properties can be charac-
terized by the single coupling parameter2,3 Γ = e2/aT .
Here e is the charge, T is the temperature (in energy
units), a = (4pin/3)−1/3 is the 3D Wigner-Seitz radius,
and n is the particle density. In two dimensions (2D) the
particles are interacting with the logarithmic potential4,5
V (r) = −e2 ln(r/a), which corresponds to the solution of
the 2D Poisson equation and represents the interaction
between infinite charged filaments (the two-dimensional
system of particles with Coulomb interactions, which is
also referred to as the 2D OCP, is not considered here).
Here a = (pin)−1/2 is the 2D Wigner-Seitz radius (n be-
ing the 2D number density). The coupling parameter in
the 2D OCP is4 Γ = e2/T . Note that in the considered
case it does not depend on density.
The collective modes of both 3D and 2D OCP have
been extensively investigated.2,6–13 In the limit of weak
coupling (Γ ≪ 1) the Bohm-Gross dispersion relation
applies,
ω2 = ω2p + 3k
2v2T, (1)
where ω is the frequency, k is the wave number, ωp =√
4pie2n/m (in 3D) and ωp =
√
2pie2n/m (in 2D) is
the plasma frequency, m is the particle mass, and vT =√
T/m is the thermal velocity. When the coupling in-
creases and the correlational effects set in (Γ & 1), the
dispersion relation (1) is substantially modified. One par-
ticular manifestation of the strong coupling effects is the
onset of negative dispersion, referring to dω/dk < 0 at
k → 0, which is in strong contrast with the prediction of
the mean-field theory (1).
The onset of negative dispersion was first discovered in
early molecular dynamics simulations of the 3D OCP.6
The value of the coupling parameter at which the dis-
persion changes from positive to negative was initially
estimated6,7 as Γ & 3. More recent molecular dynam-
ics (MD) simulation, designed specifically to investigate
the onset of negative dispersion,11 located the transition
at Γ ≃ 9.5. Another set of MD simulations performed
to acquire high quality structure function data for the
classical OCP also allowed to follow positive-to-negative
transition of the slope of the dispersion curve.14 The bor-
derline behaviour corresponded to Γ ≃ 10.
The conventional approaches to the OCP dynam-
ics (like for instance hydrodynamic treatment or quasi-
localized charge aproximation) are incapable to describe
accurately the onset of negative dispersion2 (see below
for more details). More sophisticated theoretical mod-
els were therefore proposed. They demonstrated better
agreement with the results from numerical simulations.
For example, Carini et al.15 estimated the onset of neg-
ative dispersion to occur at Γ ≃ 6. Later, Hansen16 pro-
posed a model, which predicted the onset at Γ ≃ 10. In
addition, he showed that the negative dispersion should
also occur in the 2D OCP with the onset at Γ ≃ 14.
Generally speaking, the onset of negative dispersion is
a very stringent test of any theoretical model designed to
describe accurately the collective dynamics of strongly
coupled OCP fluid. The purpose of this Brief Communi-
cation is to describe a rather simple model, which is able
to capture the onset of negative dispersion in the OCP.
The model is based on simple physical arguments and
is applicable to both 3D and 2D cases. The predicted
values of Γ at which the onset occurs are in reasonable
agreement with the results from simulations and more in-
volved theoretical models. In the following, the 3D OCP
is first considered in detail. Generalizations to the 2D
OCP are straightforward and will be discussed towards
the end of the paper.
It is convenient to start with the brief analysis of sim-
ple conventional tools used to describe the collective phe-
nomena in OCP fluids. The standard hydrodynamic ap-
2proach yields the dispersion relation of the form
ω2 = ω2p + µk
2v2T, (2)
where µ = (1/T )(∂P/∂n) is the inverse reduced com-
pressibility, which is also related to the bulk modulus K
via µ = (K/nT ). The onset of negative dispersion corre-
sponds then to the coupling strength at which the inverse
compressibility becomes negative. This value somewhat
depends on the nature of the thermodynamic process.
For instance, the isothermal compressibility of the OCP
changes sign at Γ ≃ 3,2,11 while the adiabatic compress-
ibility becomes negative at Γ ≃ 5.17 Both these values
are somewhat too low, compared to the results from nu-
merical simulations.
The conventional quasi-localized charge approximation
(QLCA) yields in the long-wavelength limit (to order
k2)10
ω2 = ω2p +
4
15
uexk
2v2T, (3)
where uex is the reduced excess energy (energy per par-
ticle in unuts of the system temperature) of the OCP.
This dispersion is always negative since the excess energy
is negative. However, it is well known10,18 that QLCA,
as a theory for the strongly coupled state, neglects direct
thermal effects. A simple phenomenological recipe for an
extension19 is to just add the corresponding kinetic term
to Eq. (3). The dispersion becomes
ω2 = ω2p + k
2v2T
(
3 +
4
15
uex
)
, (4)
which coincides with the result based on the sum-rule
analysis.2 The reduced excess energy of the 3D OCP fluid
can be accurately approximated with a simple three-term
fit formula20,21
uex(Γ) = −0.9Γ + 0.5944Γ
1/3
− 0.2786, (5)
based on extensive Monte Carlo study by Caillol.22 The
onset of negative dispersion should occur then at Γ ≃
13.8, close to the condition Γ ≥ 14, quoted earlier.2 This,
however, considerably exceeds the critical coupling pa-
rameter identified in numerical simulations.
Equations (2) and (4) appear differently, but their
structural composition is similar. Both contain the ki-
netic terms (“ideal gas” contribution from uncorrelated
particles) and the “excess” term associated with the cor-
relational effects [the pressure and hence the inverse com-
pressibility in Eq. (2) can naturally be divided into ideal
gas and excess contributions]. Moreover, the kinetic and
excess terms appear in the dispersion relation as a sim-
ple superposition. This superposition is quite natural
since the kinetic contribution dominates at weak coupling
while the correlational effects produce dominant contri-
bution at strong coupling. If the superposition is postu-
lated, the form of the dispersion relation at long wave-
lengths can be readily guessed. The kinetic contribution
should clearly be described by the Bohm-Gross terms (1).
This ensures that the dispersion is exact when correla-
tions are absent (weak coupling limit). The effect of cor-
relations in the long-wavelength limit should be related
to the bulk modulus, namely its excess component. Tak-
ing into account the character of the longitudinal (plas-
mon) mode dispersion of the OCP, the most physically
relevant quantity is the high-frequency or instantaneous
bulk modulus, K∞. The guessed long-wavelength disper-
sion relation of the OCP becomes
ω2 = ω2p + 3k
2v2T + (∆K∞/nm)k
2. (6)
The arguments used to arrive at this expression are of
course not rigorous, they are merely based on the phys-
ical intuition. The onset of negative dispersion is a very
good opportunity to verify the validity of this simple con-
struction.
The high-frequency (instantaneous) elastic moduli of
simple fluids were obtained by Zwanzig and Moun-
tain23and Schofield.24 The usefulness of considering their
excess constituent has been also discussed in the litera-
ture.25 An expression for the excess contribution to the
high-frequency bulk modulus ∆K∞ can be derived using
particularly simple route, which is briefly reproduced be-
low. The starting point is the virial expression for the
excess pressure,26
Pex = −
n2
6
∫
∞
0
rV ′(r)g(r)d3r, (7)
where V ′(r) is the first derivative of the pairwise in-
teraction potential and g(r) is the radial distribution
function (RDF). The excess bulk modulus is ∆K =
−V (∂Pex/∂V ) ≡ n(∂Pex/∂n), where V is the volume
containing N particles, so that n = N/V . Differentiat-
ing (7) gives
∆K = 2Pex −
n3
6
∫
∞
0
rV ′(r)
∂g(r)
∂n
d3r, (8)
where the second term on the right-hand side includes
the implicit density dependence of the RDF. This is gen-
erally process-dependent. In the high frequency (instan-
taneous) limit no relaxation is allowed and the density
change occurs without any rearrangement of the parti-
cles.27 Mathematically, this implies
d
dn
g(r, n) =
d
dn
g(xn−1/3, n) = 0,
or, equivalently,
∂g(r, n)
∂n
=
r
3n
∂g(r, n)
∂r
. (9)
Substituting this into Eq. (8) and integrating by parts
we obtain
∆K3D
∞
= −
4pin2
9
∫
∞
0
drr3g(r) [V ′(r)− (r/2)V ′′(r)] .
(10)
3This coincides with the expression for the excess bulk
modulus obtained earlier using more thorough consider-
ations.23,24 In the case of the OCP considered here one
needs to account for the neutralizing background, which
is done by substituting g(r)→ h(r) = g(r)−1 in Eqs. (7)-
(10). Using the Coulomb interaction potential the excess
bulk modulus can be directly related to the excess pres-
sure. The result is rather simple in the OCP case:
∆K3D
∞
=
4
3
Pex. (11)
Now we can substitute this into equation (6) and take
into account that Pex/nm =
1
3
v2Tuex for the 3D OCP.
The long-wavelength dispersion relation becomes
ω2 = ω2p + k
2v2T
(
3 +
4
9
uex
)
. (12)
This immediately yields the condition for the onset of
negative dispersion, uex(Γ) = 27/4. With the help of
the approximation (5) we finally get Γ & 8.5, in good
agreement with numerical simulations11,14 and more so-
phisticated theoretical approaches.16
The very same approach can be applied to the 2D OCP.
The only difference is that the 2D excess bulk modulus
should be used. The latter is obtained following the same
lines as in the 3D case, starting from the 2D virial pres-
sure expression
Pex = −
n2
4
∫
∞
0
rV ′(r)g(r)d2r. (13)
Modifying Eq. (9) to describe instantaneous perturba-
tions in the 2D case, the two-dimensional analogue of
the Eq. (10) can be readily obtained,
∆K2D
∞
= −
pin2
4
∫
∞
0
drr2g(r) [V ′(r) − rV ′′(r)] . (14)
Applying this to the 2D OCP we have to change g(r) to
h(r) (just as in the 3D case) and substitute the logarith-
mic interaction potential in the equations above. This
results in the following relation:
∆K2D
∞
= Pex. (15)
The excess pressure of the 2D OCP is known exactly,
Pex = −
1
4
nTΓ. This equation of state immediately fol-
lows from the virial pressure equation combined with the
charge neutrality condition.4 The long-wavelength part
of the dispersion relation of the 2D OCP is
ω2 = ω2p + k
2v2T (3− Γ/4) . (16)
The negative dispersion occurs for Γ > 12, which is
reasonably close to the condition derived previously by
Hansen.16
To conclude, a simple approach to the long-wavelength
behaviour of the plasmon mode in classical 2D and 3D
OCP has been formulated. The approach is able to de-
scribe the onset of negative dispersion upon increasing
coupling with a reasonably good accuracy. It demon-
strates the important role that the excess instantaneous
bulk modulus is playing in describing the longitudinal
mode. This observation can be important not only within
the scope of OCP, but also for other plasma-related sys-
tems such as complex or dusty plasmas.
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